We develop energy efficient, continuous microwave schemes to couple electron and nuclear spins, using phase or amplitude modulation to bridge their frequency difference. These controls have promising applications in biological systems, where microwave power should be limited, as well as in situations with high Larmor frequencies due to large magnetic fields and nuclear magnetic moments. These include nanoscale NMR where high magnetic fields achieves enhanced thermal nuclear polarisation and larger chemical shifts. Our controls are also suitable for quantum information processors and nuclear polarisation schemes.
Introduction.-Color centers in diamond, such as the nitrogen-vacancy (NV) center [1, 2] , have emerged as a solid state system that can detect, polarise and control individual nuclear spins in their vicinity [3] [4] [5] [6] . This ability promises applications that range from quantum information processing and quantum simulation on small scale quantum registers [7] [8] [9] [10] [11] [12] [13] to nanoscale nuclear magnetic resonance (NMR) [14] [15] [16] and other sensing tasks in biological environments [17] . A fundamental question in this field is how to extend the coherence time of color centers -insulating them from their fluctuating magnetic environment-, while enabling strong and selective interactions with individual nuclear spins. For the NV center this challenge is met through dynamical decoupling (DD) schemes: continuous [18] [19] [20] [21] or pulsed microwave sequences [10, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] that can be applied to mitigate the impact of solid state [32] [33] [34] and biological environments [35, 36] .
In the context of NMR for example, the presence of strong magnetic fields would be of great benefit as they increase the NMR signal by enhancing the spin polarisation at the same temperature, induce large chemical shifts that encode molecular structure [37] , and aid in the spectral resolution of spins. Moreover, strong magnetic fields lead to longer nuclear spin lifetimes, facilitating quantum information processors and nuclear polarisation schemes.
Nevertheless, typical experiments with color centers are typically realised in the sub-Tesla magnetic field regime [4, 8, 9, 11, [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] due to experimental limitations. The obstacle is the need to bridge the frequency mismatch between the NV center and the target spin in the presence of a high externally applied magnetic field. When using continuous microwaves, the Larmor frequency of the target nucleus determines the Rabi frequency of the microwave control -the Hartman-Hahn (HH) condition [49] -, implying microwave powers that grow with the magnetic field and imposing serious stability requirements on the microwave source. The situation does not improve for pulsed controls: the Larmor frequency determines the frequency at which π-pulses are applied to the color center, implying very fast and energetic pulses with high-frequency repetition rates. The power requirements in either scheme also imply significant challenges for their use in biological samples, because a strong microwave heats the organic matter, perturbing its dynamics or even destroying it. In recent work this challenge was identified and addressed for pulsed schemes with amplitude modulation of pulses [50] . However, in microwave power sensitive applications continuous wave may offer advantages as their average energy consumption at the same decoupling and sensing efficiency can be lower than for pulsed schemes [36] .
In this Letter, we show that there are indeed continuous microwave controls that can bridge the Larmor frequency difference between electronic and nuclear spins. These methods modulate the phase or amplitude of a continuous microwave field. The modulation is taken to have a frequency ν ∼ ω n −Ω 0 that provides the difference between the Rabi frequency of the microwave pulse Ω 0 -also the effective frequency of the electronic spin in a rotating frame-and the frequency of the target nuclear spin ω n . This technique works even when the microwave field Ω 0 is insufficient to achieve a HH resonance. As a result, our schemes demand lower peak and average powers to achieve a coherent interaction with a nucleus than all continuous controls based on the HH condition. Furthermore, we demonstrate that, thanks to the periodic modulation scheme, our controls inherit the robustness against control errors that is typical of dynamical decoupling and pulsed methods.
We start by considering the Hamiltonian of an NV electron spin coupled to a set of nuclei. This reads ( = 1) 
Harvested signal σ x vs. phase modulation frequency ν = 2π/T for two interrogation times, t f = 0.205 ms (black-dashed line) and t f = 0.308 ms (blue-solid line). Signal is maximal when ν = ω n,1 −Ω 0 spans the difference between the Rabi frequency of the NV and the resonance frequency of the interrogated nuclear spin. and the microwave phase φ. Hamiltonian (1) should include the dipole-dipole interaction among nuclei. We omit it to simplify the presentation but it will be fully considered in the numerical simulations below.
An external magnetic field and a suitably tuned microwave field effectively reduce the dimensionality of the NV-center, which can be treated as a pseudospin. The new Hamiltonian [52] 
is defined in a rotating frame generated by H 0 = DS 2 z −γ e B z S z . In this frame, the jth nuclear spin's resonance frequency ω n, j = | ω n, j | with ω n, j = (− 1 2 A x, j , − 1 2 A y, j , ω L − 1 2 A z, j ) depends on the hyperfine vectors and the nuclear Larmor frequency ω L = γ j B z . For simplicity we assume a cluster of 13 C nuclei γ j = γ13 C ∀ j (a common situation in diamond samples) and introduce the normalized vectorsω n, j = ω n, j /ω n, j . When the magnetic field B z is large, the resonance frequency of the jth nucleus deviates linearly from its Larmor frequency ω L as a function of the hyperfine vector
The HH condition [49] is a standard procedure to achieve resonant interaction with a nuclear spin (e.g. the jth one) in which the Rabi frequency matches the frequency of the target spin Ω = ω n, j = γ13 C B z − 1 2 A z, j . In high-field environments this implies large Rabi frequencies and microwave powerse.g. B = 1 T gives Ω/(2π) ≈ 10 MHz for a 13 C and 42 MHz for a 1 H nucleus-. Our goal is to lower these requirements with minor changes in the control field.
Phase modulation control scheme.-We address this challenge and enable NV-nuclear coupling at high magnetic fields by introducing a continuous drive in Eq. (1) described by
with a phase φ that will be switched periodically between the values 0 and π. The control in Eq. (4) gives rise to the following Hamiltonian that we will use as the starting point of our simulations [52] 
(5) For the sake of clarity of presentation we consider the phase flips as instantaneous but stress that in our numerical simulations the phase flips will take a finite time determined by experimental limitations. In Eq. (5) the phase flip between 0 and π allows to write the driving term, i.e. the last term at its right hand side, as Ω 0 + F(t) Ω 1 /2 |1 0| + H.c. where the modulation function F(t) takes the values +1 (or −1) for φ = 0 (or φ = π). Control of the phase allows for the construction of a modulation function F(t) with period T , see Fig. 1 a) , that can be expanded in its Fourier components as F(t) = a 0 2 + ∞ n=1 a n cos 2nπ
To determine the NV-nuclear coupling mechanism and the required resonance condition that result from the phase control in Eq. (4) we move to a rotating frame with respect to − j ω n, jωn, j · I j and the driving term Ω 0 +F(t) Ω 1 /2 |1 0|+ H.c. . For simplicity we select a phase change that produces an even F(t), i.e. F(t) = ∞ n=1 a n cos nνt where ν = 2π/T but other constructions including odd components for F(t) are equally possible. This leads to the Hamiltonian [52] 
A ⊥ x, j I x, j cos (ω n, j t) + A ⊥ y, j I y, j sin (ω n, j t) + A z, j I z, j , (6)
. With the aid of the Jacobi-Anger expansion (i.e. e iz sin (θ) ≡ +∞ n=−∞ J n (z) e inθ , with J n (z) the Bessel function of the first kind) we can rewrite the exponentials in Eq. (6) as
an Ω 1 nν sin (nνt) = ∞ n=1 ∞ m=−∞ J m a n Ω 1 nν e i(Ω 0 +mnν)t to find
as the resonance condition for the kth nucleus [52] . Equation (7) implies that, unlike the HH condition, an NV-nucleus resonance can be achieved for small Rabi frequencies Ω 0 , Ω 1 if we apply a continuous drive interrupted by periodic phase flips at a large frequency ν. Equation (7) exhibits resonances for a wide variety of values m and n but for small arguments a n Ω 1 /(nν) the interaction strength between the NV and the kth nucleus is largest for m = n = 1 and ν = ω n,k −Ω 0 which yields the effective NV-nucleus flip-flop Hamiltonian [52] H ≈
For the discussion of the energy efficiency it is important to stress at this point that, as we will demonstrate later, a large value for ν does not imply large microwave power. The Hamiltonian (8) produces a signal that we will quantify with the electronic expectation value σ x , with σ x = |1 0| + |0 1|. More specifically, from Eq. (8) one can calculate that the expected signal for a sequence of length t f is
Note that, for a periodic phase-modulated sequence as the one showed in Fig. 1 a) we have a 1 = 4/π. Finally, we would like to remark that continuous DD schemes with periodic phase flips have been proposed for extending the NV coherence [53] and to improve DD robustness [20] but their advantages in terms of energy efficiency and nuclear spin control have not been explored previously to the best of our knowledge. Amplitude modulation control scheme.-As an alternative to phase modulation we may also consider amplitude modulation for achieving energy-efficient electron-nuclear coupling resulting in a scheme that leads to results analogous to those of the previous paragraph. Let us consider an amplitude modulated continuous driving field of the form
with Ω(t) = Ω 0 − Ω 1 sin(νt). Analogously to the previous section (for more details see [52] ) we find
A ⊥ y, j I y, j sin (ω n, j t) + A z, j I z . While we selected an odd amplitude modulation, i.e. a sine-like tailoring for Ω 1 , we would like to stress that other combinations including even modulations are also possible. Again, using the Jacobi-Anger expansion, e iz cos (θ) ≡ J 0 (z) + 2 +∞ n=1 i n J n (z) cos (nθ), we find for ν = ω n,k − Ω 0 the following flip-flop Hamiltonian between the NV and the kth nucleus [52] 
Numerical verification.-In the following we will analyse the phase-modulated scheme numerically to verify the accuracy of the theoretical analysis (see [52] for the analysis of the amplitude modulated scheme which yields very similar results). This provides two alternatives which, depending on the specifics of the experimental equipment and the physical set-up, can be chosen for optimal performance in practice.
To demonstrate the performance of the method, in Fig. 1 b) we show a spectrum involving an NV center and a single 13 C nucleus such that A ≈ (2π) × [−6.71, 11.62, −17.09] kHz and B = 1 T which results in a nuclear Larmor frequency of ≈ (2π)×10 MHz. This hyperfine vector A corresponds to a 13 C nucleus located in one available position of a diamond lattice. We used two phase-modulated sequences of different duration (see caption for more details) and show that the obtained signals (yellow-solid and black-dashed curves) that were numerically computed from Eq. (5) match, firstly, the position of the expected resonance ν = ω n,1 − Ω 0 for m = n = 1, see Eq. (7) , and, secondly, the theoretically calculated depth (green vertical lines with the circle and square denoting the maximum theoretical depth) for the signal σ x , see Eq. (9), for two different evolution times. Furthermore, in our numerical simulations we did not assume instantaneous 0 to π phase flips but allowed the phase change to take place in a time interval of length t φ flip ≈ 5 ns, with φ changing from 0 to π in 20 discrete steps which is well within the reach of the timeresolution of modern arbitrary waveform generators [54] . To calculate the signals in Fig. 1 b) we used Rabi frequencies Ω 0 = Ω 1 = (2π) × 1 MHz which are one order of magnitude below the Rabi frequency that would achieve a HH resonance and concomitantly more energy efficient.
Nuclear spin addressing and robustness.-Our method also offers the possibility of improving nuclear spin addressing by modifying the value of Ω 1 . Hamiltonian (8) shows that the effective NV-nuclear coupling is given by
Then, a lower value Ω 1 implies a longer evolution and better energy selectivity as the rotating wave approximation over non-resonant terms is more accurate [52] . As the fluctuations on the microwave radiation are mainly proportional to the Rabi frequency, i.e. Ω 1,2 =Ω 1,2 [1 + ξ(t)] with ξ(t) a fluctuating function, a low value forΩ 1,2 reduces the decoherence induced by microwave amplitude fluctuation. Furthermore, the periodic phase flips average out slow amplitude fluctuations and impart additional stability. In this manner our method is intrinsically robust against the leading error on the control field. In Fig. 2 we have simulated a system containing an NV quantum sensor and a three coupled 13 (3), are ω n,1 = (2π) × 10.71 MHz, ω n,2 = (2π) × 10.72 MHz, and ω n,3 = (2π) × 10.70 MHz. These nuclei present internuclear coupling coefficients g j,l = (µ 0 /4)(γ 2 13 C /r 3 j,l )[1 − 3(n z j,l ) 2 ] (with r j,l the distance between jth and lth nuclei, and n z j,l the z-projection of the unit vector r j,l /r j,l ) that are g 1,2 ≈ (2π) × −472 Hz, g 1,3 ≈ (2π) × 14.95 Hz, and g 2,3 ≈ (2π) × 50.10 Hz. In Fig. 2 a) we use a phasemodulated continuous sequence with Ω 0 = Ω 1 = (2π)×1 MHz for a final time t f = 0.205 ms. Here, we have simulated an ideal phase-modulated sequence without microwave control 
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tf ⇡ 0.205 ms (9), respectively. The noise in the microwave field is simulated by averaging 200 runs of a Ornstein-Uhlenbeck (OU) stochastic process [55] with time correlation τ = 0.5 ms and noise amplitude p = 0.5% [56] .
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In Fig. 2 a) the three spin resonances cannot be fully resolved, however in Fig. 2 b) we used a different set of control parameters, namely Ω 0 = (2π) × 1 MHz, Ω 1 = (2π) × 0.5 MHz and a longer sequence t f = 0.411 ms. In these conditions the effective NV-coupling has been reduced by a factor of 2 (note that we are also implementing a longer sequence) as the corresponding Bessel functions are J 1 a 1 [(2π) × 0.5MHz]/ν ≈ 1 2 J 1 a 1 [(2π) × 1MHz]/ν , and the three nuclear spins can be clearly resolved. Again, the blue solid line represent the ideal signal while overlapping black squares have been calculated under the same noise conditions than the previous case.
Power consumption.-Using phase (or amplitude) modulations leads to a reduction in the microwave field amplitude, i.e. in the peak power, and may be even lead to a reduction in the average power, as compared to other controls using the HH condition. We can quantify the average power reduction comparing the phase modulation scheme with a constant drive based on the HH condition (note that the peak power reduction is obvious as the largest driving we are using is (2π) × 1 MHz which is approximately one order of magnitude smaller than the required driving to hold the HH condition). For that we first identify the times t ph f and t HH f for phase modulation and constant HH controls to gather the same signal σ x . With this information, we can compute the average power or energy flux associated to the microwave control [52] .
Let us do the calculation: the protocol with constant amplitude produces a nuclear signal σ x = cos 2 (A ⊥ x,k t HH f /4) in a time t HH f . Comparing with Eq. (9) we find that, for equal signals, the unmodulated protocol implements a faster interaction in a time t HH f = J 1 (a 1 Ω 1 /ν)t ph f < t ph f . During this time, the constant driving scheme requires a Rabi frequencyΩ 0 = ω n,k = Ω 0 + ν to interact with the k-th nucleus with frequency ω n,k . This implies an average energy per cycle E HH T ≈Ω 2 0 /ν. The phase modulated protocol, on the other hand, requires an average energy per cycle E ph T ∼ (Ω 2 0 + Ω 2 1 )/ν. Counting the number of cycles in the respective interaction times t HH f and t ph f , we obtain the ratio between total powers E HH /E ph = νt HH f E HH ν /(νt ph f E ph ν ) = (Ω 0 +ν) 2 J 1 (a 1 Ω 1 /ν)/(Ω 2 0 +Ω 2 1 ). We can simplify this formula assuming fast modulation ν Ω 0 , Ω 1 and approximating J 1 (a 1 Ω 1 /ν) ∼ a 1 Ω 1 /(2ν). The result is that the phase modulated protocol demands significantly less energy E HH /E ph ≈ (Ω 0 +ν) 2 Ω 1 a 1 /[2ν(Ω 2 0 +Ω 2 1 )] 1. For the parameters used in Figs. 2 a) and b), one finds E HH /E ph 3.8 and E HH /E ph 3.0, respectively, illustrating the efficiency of our method. A similar calculation can be done for the amplitude modulation protocol.
Conclusions.-We have proposed to use amplitude or phase modulation for coupling electron and nuclear spins at Rabi frequencies well below the Hartmann-Hahn resonance. Our schemes demands a lower peak and average power to achieve the same sensitivity. As a consequence, these methods can be employed for any sensing, coherent control or nuclear polarisation set-up in which accessible power is limited. In particular, it enables the operation of such sensors at high magnetic fields with reduced power. These modulation techniques can extend nanoscale NMR techniques to biological systems that are sensitive to heating by microwaves. Moreover, these parametric methods are not specific to the NV center; they can be used to couple different electron spins to proximal nuclear spins, both in solid and molecular samples. (2) of the main text can be derived from Hamiltonian (1) using an appropriate rotating frame and by selecting only two levels of the NV hyperfine triplet. More specifically, if we start from
where the external microwave control term given by H c = √ 2ΩS x cos (ωt − φ), we see that in a rotating frame whit respect to (w.r.t.) DS 2 z − γ e B z S z the above Hamiltonian becomes
. Now, setting the microwave field frequency ω = D + |γ e |B z we can eliminate counter rotating terms in the control term leading to the form Ω 2 (|1 0|e iφ + H.c.) that appears in Hamiltonian (2) of the main text. In addition, in the above Hamiltonian we can also eliminate the term | − 1 −1| j A j · I since the | − 1 state of the NV does not enter in the dynamics, as there are no terms in the Hamiltonian that produces transitions to this level. Thus, we can write
Note that as | − 1 has been discarded from the dynamics, |1 1| − |0 0| = σ z and |1 1| + |0 0| = I, so the |0 and |1 hyperfine spin states form a complete basis for the NV spin degrees of freedom. Adding the term I j A j · I to the nuclear Larmor frequency we finally obtain and, consequently, the Hamiltonian (2) in the main text is recovered.
II. NV-NUCLEI HAMILTONIAN WITH PHASE MODULATED MICROWAVE CONTROL
The procedure to get Hamiltonian (5) in the main text that includes a phase-modulated control is similar to the one described in the previous section (i.e. one should move to a rotating frame, eliminate the counter rotating terms and the | − 1 level, and re-order the remaining terms in the Hamiltonian) but now with a microwave control term of the form
where the phase φ will change from 0 to π and viceversa in a time interval t flip .
III. INTERACTING HAMILTONIAN AND RESONANCE BRANCHES
The Hamiltonian in Eq. (5) of the main text in a rotating frame w.r.t. H 0 (t) = − j ω n, jωn, j · I j + Ω 0 + F(t) Ω 1 /2|1 0| + H.c. with F(t) = ∞ n=1 a n cos nνt reads 
where we have used the property
Now, the strategy to search for resonances is to look for the time independent terms in Eq. (S6) that appear by multiplying the exponentials e iΩ 0 t e i ∞ n=1 an 1 nν sin (nνt) = ∞ n=1 ∞ m=−∞ J m a n Ω 1 nν e i(Ω 0 +mnν)t with the terms e ±iω n, j t that emerge from the functions cos (ω n, j t) and sin (ω n, j t). In this manner, these time independent terms come out when the following condition (this is Eq. (7) in the main text) applies
(S8)
IV. RESONANT HAMILTONIANS AND NUCLEAR SPIN ADDRESSING
A. Resonant Hamiltonians
For the case n = m = 1 and when searching around a certain resonance, for example the one of the kth nucleus which corresponds to scan for a set of values of ν such that ν ≈ ω n,k −Ω 0 , the Hamiltonian in Eq. (6) of the main text, or Hamiltonian (S6) in this Suplemental Material is (note that other cases for arbitrary n and m work in the same manner)
The term involving the z-components of the hyperfine field, A z,k is eliminated because of the fast oscillatory functions e i(Ω 0 +mnν)t . Imposing the resonant condition ν ≈ ω n,k − Ω 0 we get
where δ = Ω 0 + ν − ω n,k . In this manner, when δ
there is no signal as the RWA applies averaging out the Hamiltonian in Eq. (S10). In addition, if δ = 0 we get Eq. (8) of the main text.
B. Nuclear Spin Addressing
The presence of the J a 1 Ω 1 ν functions in the effective interactions that emerge from our method allows to induce a better nuclear spin selectivity. For example, if we consider a situation involving two nuclear spins with resonance frequencies ω n,1 and ω n,2 , and if we set ν such that we are on resonance with the first nucleus, i.e. ν = ω n,1 − Ω 0 , the effective Hamiltonian that appears is
Then, if we want to address the first nuclear spin, we need to eliminate the coupling with the second nucleus. The latter can be done thanks to the presence of the function J a 1 Ω 1 ν in the effective NV-nucleus coupling, its value can be easily tuned by delivering a lower microwave intensity, i.e. a small value for Ω 1 . This effect can be seen in Fig. 2 . of the main text for a coupled nuclear cluster involving three spins.
V. THE METHOD WITH AMPLITUDE MODULATED MICROWAVE RADIATION
In this section we show the performance of the amplitude modulated method for achieving nuclear spin selectivity. More specifically we used the following Hamiltonian as the starting point of our simulations In Fig. S1 we have simulated the same nuclear spin cluster used in the main text for two amplitude-modulated microwave sequences of different duration (see caption for details). Interestingly, although the amplitude-modulated sequences are displayed for the same time than the phase-modulated sequences presented in Fig. 2 of the main text, the former lead to a weaker signal. This is because the resonant Hamiltonian for the amplitude-modulated sequences is
where for the effective coupling appears the term J 1 Ω 1 ν which is smaller than J 1 Ω 1 a 1 ν (as a 1 = 4/π > 1) that it is present in the resonant Hamiltonian for phase-modulated sequences, see Eq. (8) in the main text.
VI. POWER CONSUMPTION
The average energy required to produce a certain driving can be computed as
where P = ( E × B)/µ 0 is the Poynting vector accounting for the energy per unit of area and time that an electromagnetic wave carries being µ 0 the vacuum permeability. The large wavelength of the microwave radiation enable us to assume the external driving as plane waves that interact with the electronic spin throught H = |γ e |B x (t)S x where the magnetic field is polarised in the x direction. Associated with this magnetic field there is an electric field ∇ × E = −∂ t B. Without any loss of generality we can also assume that the magnetic field propagates in theŷ direction B(y, t) = B x (t) cos(ωt − ky + ϕ)x. After deducing the electric field related to B(y, t) and making use of the Poynting vector we can compute the energy flux of the electromagnetic wave | P| = 2c µ 0 γ 2 e Ω 2 (t)c 2 (t) + 2 µ 0 γ 2 e k Ω(t) ∂ ∂t Ω(t) s(t)c(t), (S15) withc(t) = cos(ωt + φ) ands(t) = sin(ωt + φ). Here c = ω/k, φ = ϕ − ky 0 (we compute the energy flow at the NV position y 0 ), and we made use of our convention √ 2Ω = B x γ e which is commented in the main text. Introducing in this expression a particular driving profile Ω(t) the energy of the electromagnetic field -i.e. the average energy, is obtained for a given sensing protocol.
